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Normal-linear factor model
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Normal-linear factor model

Data

Model

Unobservables

Latent factors: 

Unique errors: 

Parameters

Mean vector: 

Factor loadings: 

Specific variances :  diagonal,
positive definite matrix

x1,x2, … ,xn ∈ R
p

Xi = μ0 + Λ0Yi + Ei

Yi ∼ N(0q, Iq)

Ei ∼ N(0p, Ψ0)

μ0 ∈ R
p

Λ0 ∈ R
p×q

Ψ0 p × p
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Normal-linear factor model

Log-likelihood

, for  so that

where , 

Maximum likelihood (ML) estimator

for ,  diagonal and positive definite

Xi ∼ N(μ0, Σ0) Σ0 = Λ0Λ0
⊤ + Ψ0

ℓ(Σ;S) = −
n

2
{log det(Σ) + tr (Σ−1S)} + C ,

S = 1/n∑n
i=1(xi − x̄)(xi − x̄)⊤ x̄ = 1/n∑n

i=1 xi

Λ̂, Ψ̂ = arg max ℓ(ΛΛ⊤ + Ψ;S)

Λ ∈ R
p×q Ψ ∈ R

p×p
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Motivating Example
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Job application data

Data from Kendall ( ) which scores job applicants  according to a range of
criteria 

6 7 2 5 8 7 8 8 3 8 9 7 5 7 10

9 10 5 8 10 9 9 10 5 9 9 8 8 8 10

7 8 3 6 9 8 9 7 4 9 9 8 6 8 10

Want to use exploratory factor analysis to find common factors underlying the data

1980 (n = 48)
(p = 15)

Form Appearance Ability Likeability Selfconf. Lucidity Honesty SalesmanshipExperience Drive Ambition Grasp Potential Keenness Suitability
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Exploratory Factor Analysis with R

Most popular R packages for ML estimation of EFA on CRAN*:

* by monthly downloads; CRAN metadata search for EFA keywords & EFA fit function in documentation; stats::factanal excluded
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Exploratory Factor Analysis with R

stats::factanal

 

 

Form Appearance Ability Likeability Selfconf.
 0.50334512  0.70264896  0.57633097  0.27770086  0.12490328

Lucidity Honesty Salesmanship Experience Drive
 0.17331439  0.68782086  0.10727743  0.37295753  0.21792774

Ambition Grasp Potential Keenness Suitability
 0.15640507  0.13156330  0.09499911  0.00500000  0.14549804

factanal_fit <- stats::factanal(x = job_data, factors = 4)1

factanal_uniquenesses1
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Exploratory Factor Analysis with R

lavaan::efa

 

 

Form Appearance Ability Likeability Selfconf.
 3.5220432  2.6588417  2.4236585  2.1569829  0.7153340

Lucidity Honesty Salesmanship Experience Drive
 1.6915113  150.1761574  1.2578323  4.0055043  1.8532189

Ambition Grasp Potential Keenness Suitability
 1.3201438  1.1856554  0.9438065  0.0000000  1.5426059

lavaan_fit <- efa(data = job_data, nfactors = 4)1

lavaan_uniquenesses1

10Philipp Sterzinger – MSPL in Factor Analysis

file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf
file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf
file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf
file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf
file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf
file:///Users/ps/Repositories/fapl/IWSM2026/sterzinger-IWSM-2026.html?print-pdf


Exploratory Factor Analysis with R

psych::fa

 

Warning: An ultra-Heywood case was detected. Examine the results carefully

 

Form Appearance Ability Likeability Selfconf.
 0.509321362  0.706583340  0.576785093  0.297299960  0.133265973

Lucidity Honesty Salesmanship Experience Drive
 0.197023150  0.640299618  0.096908170  0.250289966  0.248683074

Ambition Grasp Potential Keenness Suitability
 0.157873233  0.137698609  0.095711717  -0.004485347  0.207264486

fa_fit <- fa(job_data, nfactors = 4)1

fa_fit$uniquenesses1
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Exploratory Factor Analysis with R

psych::fa

 

Warning: An ultra-Heywood case was detected. Examine the results carefully

 

Form Appearance Ability Likeability Selfconf.
 0.509321362  0.706583340  0.576785093  0.297299960  0.133265973

Lucidity Honesty Salesmanship Experience Drive
 0.197023150  0.640299618  0.096908170  0.250289966  0.248683074

Ambition Grasp Potential Keenness Suitability
 0.157873233  0.137698609  0.095711717  -0.004485347  0.207264486

The ML estimate does not exist

This phenomenon is termed a Heywood ( ) case

fa_fit <- fa(job_data, nfactors = 4)1

fa_fit$uniquenesses1

1931
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Nonexistence of ML estimates

Dominating parameter sequence

Profiled boundary path  from maximising  at fixed (Λψ, Ψψ) ℓ(Λ, Ψ) ψKeenness = ψ
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Maximum softly-penalized likelihood
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Maximum penalized likelihood

Add penalty function  that diverges to  whenever , or 

Penalized log-likelihood

Maximum penalized likelihood (MPL) estimator

P(Λ, Ψ) −∞ Ψ → 0 Ψ, Λ → ∞

ℓ∗(Λ, Ψ;S) = ℓ(ΛΛ⊤ + Ψ;S) + P(Λ, Ψ)

Λ̄, Ψ̄ ∈ arg max ℓ∗(Λ, Ψ;S) (1)
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Maximum penalized likelihood

Discouraging dominating parameter sequences
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Existence

Assume:

 is full rank

 is continuous and bounded from above

 for any convergent sequence  with positive uniquenesses
such that

Then the MPL estimates  exist, i.e. 

S

P(Λ, Ψ)

P(Λn, Ψn) → −∞ (Λn, Ψn)

lim
n→∞

min
i

[Ψn]ii = 0, when lim
n→∞

λmin(ΛnΛ⊤
n + Ψn) > 0

Λ̄, Ψ̄

arg max
Λ,Ψ:Ψii>0

ℓ∗(Λ, Ψ;S) ≠ ∅ .
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Soft penalisation

Penalisation distorts MPL estimates away from ML estimates

Scale penalty by sequence  to make  asymptotically negligible

Maximum softly-penalized likelihood (MSPL) estimator

cn cnP(⋅, ⋅)

Λ̄, Ψ̄ ∈ arg max ℓ(ΛΛ⊤ + Ψ;S) + cnP(Λ, Ψ)
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Consistency

Assume:

The set of MPL estimates is nonempty

 is non-positive

 is strongly identifiable in that for any  there exists a  such
that

for some  orthogonal matrix .

For any , there exists a , such that

for some  orthogonal matrix .

P(Λ, Ψ)

Σ0 = Λ0Λ⊤
0 + Ψ0 ϵ > 0 δ > 0

|||Σ0 − Σ|||max < δ ⟹ |||Λ0 − ΛQ|||max < ϵ, |||Ψ0 − Ψ|||max < ϵ ,

q × q Q

ϵ > 0 δ > 0

⟹ ,
|||Σ0 − S|||max < δ

|n−1cnP(Λ, Ψ)| < δ

|||Λ0 − Λ̄Q|||max < ϵ

|||Ψ0 − Ψ̄|||max < ϵ

q × q Q
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Consistency

For any , there exists a , such that

for some  orthogonal matrix .

If  and  is an  function, then  is sufficient for consistency

ϵ > 0 δ > 0

⟹ ,
|||Σ0 − S|||max < δ

|n−1cnP(Λ, Ψ)| < δ

|||Λ0 − Λ̄Q|||max < ϵ

|||Ψ0 − Ψ̄|||max < ϵ

q × q Q

S⟶ Σ0 P(Λ, Ψ) O(1) cn = o(n)
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Candidate penalties

Choosing 

Use the independence model as calibration benchmark: 

Root-inverse-information scale is 

Akaike ( )

Hirose et al. ( )

For MSPL, take .

cn

√

n
2 (

Ψ̂2
jj

Ψ2
jj

− 1)
d
⟶ N(0, 1)

√2/n

1987

P(Λ, Ψ) = −
ρn

2
tr(Ψ−1/2ΛΛ⊤Ψ−1/2

)

2011

P(Ψ) = −
ρn

2
tr(Ψ−1/2SΨ−1/2

)

ρ = 2√2/n3
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Simulation
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Setup

Based on Cooperman & Waller ( )

item-to-factor ratio 

Methods

Method Figure label Scale

ML None –

MPL Akaike[ ], Hirose[ ]

MSPL Akaike[ ], Hirose[ ]

2022

q = 3

n ∈ {50, 100, 400}

3 : 1, 5 : 1, 8 : 1

n n ρ = 1

n−1/2 n−1/2 ρ = 2√2/n3
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Setup

Loading Matrix A

Items Loading 1 Loading 2 Loading 3

1 0.80 0 0

2 0.65 0 0

3 0.45 0 0

4 0 0.80 0

5 0 0.65 0

6 0 0.45 0

7 0 0 0.80

8 0 0 0.65

9 0 0 0.45

Loading Matrix B

Items Loading 1 Loading 2 Loading 3

1 0.80 0 0

2 0.80 0 0

3 0.80 0 0

4 0 0.80 0

5 0 0.80 0

6 0 0.80 0

7 0 0 0.30

8 0 0 0.30

9 0 0 0.30
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% Heywood cases
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Frequentist performance
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Model selection
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Maximum softly-penalised likelihood framework is a robust alternative to ML estimation in factor
analysis

Penalisation guarantees existence of estimates

Soft scaling preserves ML asymptotics

Sterzinger P., Kosmidis I., and Moustaki I. (2026). Maximum Softly Penalized Likelihood in Factor Analysis,
Psychometrika. DOI:10.1017/psy.2026.10092
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